We study the giant magnon solutions in the near horizon geometry of the Neveu-Schwarz (NS) 5-brane background. In conformal gauge, we find magnon dispersion relation in the large angular momentum (J) limit. We further show that the giant magnon poses uniform distribution of the angular momentum along the string world-sheet as in case of AdS 5 × S 5 spacetime.
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Introduction
Type IIB String theory on AdS 5 × S 5 has been conjectured to be dual to N=4 super Yang-Mills theory in 4-dimensions [1] . The conjectured duality has passed through various nontrivial tests in the past by analyzing the spectrum of quantum string states on AdS 5 × S 5 background and the spectrum of the anomalous dimensions of the N=4 gauge theory operators in the planar limit. Especially in the semiclassical approximation the theory become integrable on the both sides of the duality 1 . Though finding out the full spectrum of string theory in AdS background is still an open unsolved problem, it has been observed that in certain sectors of the theory it is more tractable. One of them is the large angular momentum sector of the theory [2] . In this region, one can use the semiclassical approximations to find the string spectrum as well [3] . The correspondence then demands to find out a particular type of operators that are the long trace operators in the gauge theory side. This fact was resolved by an amazing paper [4] by relating the Hamiltonian of a Heisenberg's spin chain system with that of the dilatation operator in N=4 Supersymmetric Yang-Mills theory. So it seems that there is a close interplay between string theory, gauge theory and the spin-chain system, which makes the field of research more fascinating.
One of the interesting topic that has drawn lot of attention recently are the low lying spin chain system which correspond to the magnon excitation. Hofman and Maldacena have proposed [5] not too long back the correspondence of these magnon states with that of a specific configuration of semiclassical string states on R × S 2 [3] . In particular the giant magnon solution of correspond to operators where one of the SO(6) charge, J, is taken to infinity, keeping the E − J fixed 2 . These excitations satisfy a dispersion relation of the type (in the large ' t Hooft limit (λ))
where p is the magnon momentum. Hence after lot of work has been devoted to study and generalize to various other magnon states with two and three non vanishing momentum and so on, see for example [6, 7, 8, 9, 10, 11, 12] . The basic idea in all these developments was to show what does this correspond to in the gauge theory side of the duality conjecture.
In the present paper we generalize the discussion of giant magnon in the NS5-brane background. In string theory NS5-brane solution is interesting because in the near horizon limit the theory on the worldvolume correspond to a nonlocal field theory, namely the little string theory (LST) 3 . Though the LST has been a misnomer since long time, it seems a good exercise to analyze the solution in various limits and find out the corresponding field theory. The near horizon NS5-brane world sheet theory is exactly solvable [13] , so from the bulk view point it seems that the theory is integrable. A little is known about the boundary theory, hence from that prospective it is rather hard to make definite statements about the exact nature of the theory.
Motivated by the recent surge of interest in finding out the magnon solutions in anti-de sitter space, we study the NS5-brane worldvolume theory in near horizon limit. The near horizon limit, in a particular scaling yields a background with a linear dilaton. In order to study the magnon solution, one has to take proper care of the dilaton. We include the dilaton in the Polyakov action, which modifies obviously the worldsheet stress tensor. We show that even in the presence of a linear dilaton we get a giant magnon solution, and the exact dispersion relation for the magnon discussed in the literature.
Rest of the paper is organized as follows. In the section-2, we write down the Polyakov string in the near horizon limit of the NS 5-brane. We find out the magnon dispersion relation in the large J sector. We get the dispersion relation in terms of total energy E, momentum along an angular direction (φ 2 ) of the sphere in the transverse direction of NS 5-brane (P φ 2 ), momentum along the longitudinal directions of NS5-branes, y i , and another conserved charge D. The conserved charge D is related to the radial motion in the decoupling limit of N S5-brane background that, with appropriate choice of coordinates, is free and reflects the fact that the configuration of NS5-brane and fundamental string is BPS state.
In section-3, we try to study this situation further. We develop a Hamiltonian formalism for string in the near horizon region of N NS5-branes with a general world-sheet metric. However due to the presence of the nontrivial coupling of the string to the dilaton, we take √ λ → ∞ to restrict to the study of the classical dynamics of string. Then in the first approximation we can neglect the coupling of the string to the dilaton in uniform gauge, and find the same magnon dispersion relation of section-2. Finally in section-4, we present our conclusion and outlook.
Polyakov string in the near horizon limit of NS5-brane background
In this section we study the Polyakov string in the near horizon limit of the NS 5-brane background. The classical solution of N NS5-brane is given by
where y i , i = 6, . . . , 9 label world-volume directions of N S5-branes, H(r) is the harmonic function in the transverse space of the NS5-brane. Finally, l s is string length that is related to Regge slope as l 2 s = 1 α ′ . In the near horizon limit, r → 0, one can ignore the 1 in H(r), and solution would look like (definingt = √ N l s t)
where the metric on S 3 is written as
We are interested in the geometry (2.2), for finding out the giant magnon solution that is analogue of the giant magnon solution in AdS 5 × S 5 found in [5] . Our starting point is the Polyakov form of the string action in the background (2.2)
where the pre-factor √ λ is equal to
and where γ αβ is world-sheet metric and R is its Ricci scalar. Further, e αβ is defined as e 01 = −e 10 = 1. Finally, the modes x M , M = 0, . . . , 9 parameterize the embedding of the string in the background (2.2). The variation of the action (2.5) with respect to x M implies following equations of motion
Further, the variation of the action with respect to the metric implies the constraints [14] − 4π
To proceed further it is convenient to introduce the variable ρ that is related to r as
Then in the conformal gauge γ αβ = η αβ where η αβ = diag(−1, 1) and using the variable (2.9) the constraints (2.8) take simpler form
(2.10)
Looking at the form of the background (2.2) and (2.4) we observe that the action (2.5) is invariant under following transformations of fields
where ǫ t , ǫ φ 2 are constants. Then it is a simple task to determine corresponding conserved charges
(2.12)
Note that P t is related to the energy as P t = −E. Moreover, the string action in the conformal gauge in the near horizon limit of N S5brane background is also invariant under following transformation
for constant Λ. Alternatively, using the variable ρ this symmetry is an ordinary translation symmetry
for constant ǫ ρ . This invariance leads to the existence of the third conserved charge
Finally, the invariance of the metric with respect of the translation in y i -directions implies an existence of five conserved charges
Now we proceed to find the solution of the equations of motion given above which could be interpreted as an giant magnon. We closely follow very nice analysis presented in [15] Let us now consider following ansatz for obtaining the giant magnon solution
(2.18)
In conformal gauge the equation of motion for ρ takes the form
where C, ρ 0 are constants. In order to assure that we are in the weak coupling region we have to demand that C > 0 and also consider large ρ 0 . On the other hand the equation of motion for t takes the form
that is clearly solved with the ansatz (2.18). It can be also easily shown that the equations of motion for y i are solved with the ansatz (2.18). Further it is easy to see that the equation of motion for φ 1 has two constant solutions:
Solution with φ 1 = 0 corresponds to the trivial pint-like solution and we will not consider it further. We will restrict ourselves to the case when φ 1 = π 2 . Note also that for φ 1 = π 2 the b field vanishes. Instead to solve the equations of motions for x directly it is more convenient to solve the constraints (2.10) that can be interpreted as the first integrals of the theory. Inserting the ansatz (2.18) to the constraints coming from the variation of the metric (2.10) we obtain two equations
where we have used (2.20) and also the notation ∂ σ x = x ′ , ∂ τ x =ẋ. Following [5, 15] we search for a solution with the boundary conditions
where p is the momentum of the 'single magnon' excitation. Since the field φ 2 does not satisfy periodic boundary conditions this solution corresponds to the open string.
As the next step we introduce the light-cone coordinate ϕ through the formula
and take the ansatz for ϕ 2 and θ in the form
With this ansatz eqn. (2.23) take the forms
where now θ ′ , ϕ ′ 2 means derivative with respect of arguments of θ, ϕ 2 respectively. If we now combine these equations we obtain
where
(2.29)
We see, in agreement with [15] , that for this solution the derivative θ ′ is finite everywhere and vanishes both at sin 2 θ max and sin 2 θ min . On the other hand using the arguments given there we can ague that the target space shape of the solution is determined by dθ dϕ 2 that vanishes at θ = θ max and diverges at θ = θ min .
We can also express the velocity v in terms of p by using the boundary condition for φ 2 since
As the next step we insert (2.28) into the conserved charges given in (2.12) and we obtain
where we introduced the coordinate z defined as
Finally we insert (2.18) into (2.15) and (2.17) and we obtain
The next goal is to explicitly integrate these expressions. Following the analysis given in [15] we easily get
In the same way we can integrate P φ 2 with the result
(2.36)
Note that the functions E(η), K(η), and Π are defined by formulas (We follow the notation given in [15] .)
(2.37)
The relation (2.36) allows us to express the modulus η in terms of J ≡ P φ 2 , E, v, C and v i . On the other hand it is clear that there is no analytic expression for the dispersion relation.
However we would like to analyze these equations for large values of charge J.
Infinite J Giant Magnon
To find more illuminating result we restrict to the case of an infinite J giant magnon. This situation occurs for z min → 0 that corresponds to
38)
In fact, it is easy to see that for z min → 0 the charge (2.36) really diverges. We also choose
Our goal now is to find the dispersion relation between E, J and possibly another charges that is an analogue of the relation found in [5] . It turns out that the relevant dispersion relation takes the form
(2.39)
As the next step we calculate the momentum defined (2.34) for z min = 0
(2.40)
Then finally using (2.40) we can rewrite the dispersion relation (2.39) into a more natural form
A comment is in order for the magnon dispersion relation (2.41). We see that there is a natural symmetry between D and P y i . It is clear that we could generalize the dispersion relation for giant magnon in AdS 5 × S 5 in the same way when we include the motion of the string along the AdS 5 boundary. In other words the presence of the charge D does not imply any new physical interpretation of the dispersion relation given above. It simply reflects the fact that the motion of the string along the radial direction in the near horizon limit of N S5-brane background is free.
Uniform light-cone gauge
In this section, we would like to investigate the giant magnon-like dispersion relation (2.41) for the open string orbiting in the background of N NS 5-brane in more details. For example, does the giant magnon solution pose uniform distribution of the angular momentum along the string world-sheet as in case of giant magnon in AdS 5 × S 5 [15] ? To answer this question we have to develop the Hamiltonian formalism for string in the near horizon region of N NS5-branes with general world-sheet metric. However this requirement makes the analysis very obscure due to the presence of the non-trivial coupling of the string to the dilaton. On the other hand when we restrict to the study of the classical dynamics of string we have to take √ λ → ∞. Then in the first approximation we can neglect the coupling of the string to the dilaton when we will try to find the solution in uniform gauge. Let us proceed along this line.
We again start with the action
To implement the uniform light-cone we will follow [16] . Using (3.1) we determine the momenta p M conjugate to
Let us also use following parametrization of the metric variables γ µν
where λ ± are manifestly invariant under the Weyl transformations of metric
while ξ transforms as ξ ′ (σ, τ ) = ξ(σ, τ ) + φ(σ, τ ). Then since the action does not contain the time-derivative of the metric we find that the momenta conjugate to λ ± , ξ are zero:
and form the primary constraints of the theory. As the next step we determine the Hamiltonian density 6) or alternatively using the variables (3.3)
(3.8)
The stability of the primary constraints imply the secondary ones [46, 47, 48] T 0 = T 1 = 0 . It can be shown that stability of these constraints does not imply any additional ones. Note also that the invariance of the action (3.1) under the shift φ ′ 2 = φ 2 + ǫ implies an existence of the conserved quantity
Our goal is to develop the Hamiltonian formulation of completely fixed gauge theory. Note that the momenta π ± and π ξ decouple from the theory and these constraints can be ignored. Then we can interpret λ ± as the Lagrange multipliers for the constraints T ± . We fix the gauge symmetry generated by T 0 , T 1 if we impose following uniform light-cone gauge [16] 
The fixing the gauge implies that the original Hamiltonian H 0 = π −π dσH 0 strongly vanishes. Secondly, the stability of the gauge fixing functions (3.11) determine the values of λ ± . However the explicit values of these constraints are not important for our purposes.
The fact that T 0 , T 1 strongly vanish allows us to find the dynamics on the reduced phase space. Firstly, from T 1 we express ∂ σ φ 2 as
where m now label all coordinates different from t, φ 2 . Note that x m , p m parameterize the reduced phase space. Secondly, the gauge fixing (3.11) implies that the Hamiltonian that governs the dynamics on the reduced phase space should be identified with −p t . This follows from the fact that for the gauge fixing (3.11) the action takes the form
that suggests that the Hamiltonian density on reduced phase space H should be identified with −p t . Then the time evolution of p m , x m is governed by following equation
where H = π −π dσH and where subscript D means Dirac bracket that however for the gauge fixing (3.11) coincides with the original Poisson brackets
As the next step we express p t as functions of the canonical variables p m , x m with the help of T 1 and T 0 where we have picked up the negative root in the equation p 2 t = K [16] . To simplify the analysis further note that five coordinates y i , i = 0, . . . , 5 and the corresponding momenta p y i that determine the dynamics of the string along the worldvolume of NS5-branes are free. Then we can solve their equations of motion by requirement that y i are constant and p y i = 0. Then the remaining degrees of freedom are (r, p r ), (θ, p θ ), (φ 1 , p φ 1 ) (3.18) and we presume that they spatial and time dependence has following form r = r(τ ), p r = p r (τ ),
First of all let us determine the values of φ 1 . The consistency of the ansatz (3.19) implies that φ 1 = π 2 . However for this value the NS two form field (2.4) vanishes. In what follows we use the notation g φ 2 φ 2 ≡ g φ 2 φ 2 (φ 1 = π/2) = sin 2 θ. Further, the equations of motion for p r , r take the form
In other words the expression p 2 r g rr that is presented in K is constant. Then the function K takes the form
where we have used the fact that b φ 2 θ (φ 1 = π 2 ) = 0. Note also that the equation of motion for θ takes the form
Since the problem reduces to the study of the dynamics of θ and r only it is more natural to proceed to the Lagrangian formalism. Using (3.20) and (3.23) and after some algebra we find the Lagrangian density defined as
takes the form
(3.25)
As the next step we insert the ansatz θ = θ(σ − vτ ) into (3.25) . SinceṘ = C ′ R we obtain that (3.25) takes the form
In other words the problem reduces to the dynamics of one degree of freedom θ that depends on the parameter u ≡ σ − vτ . Then it is convenient to find the corresponding Hamiltonian since using the fact that (3.26) does not explicitly depend on u the corresponding Hamiltonian, that determines the evolution with respect to the parameter u is conserved. Explicitly, the conjugate momentum to θ takes the form
and hence the reduced Hamiltonian is equal to
(3.28)
Since the reduced Hamiltonian obeys dH red du = 0 we set it to some constant H red = R .
(3.29)
Then from (3.28) we can find the differential equation for θ ′
The equation (3.30) implies following bound on the allowed values of θ
It is again convenient to introduce the variable z 2 = 1 − sin 2 θ that now obeys
.
We see from (3.32 ) that the case of infinite giant magnon corresponding to z min = 0 occurs for R 2 = p 2 φ 2 (1 − C ′2 ). Let us now calculate p t for this case. Since p t = − √ K we obtain
(3.34)
Now it turns out that the dispersion relation has following form
using the fact that
that for z min = 0 implies
Note that we have also presumed −p θ ∂ σ θ ′ > 0 so that ∂ σ θ ′ < 0. We have to find the relation between C ′ and the conserved dilaton charge defined in (2.16) . To do this note that the equation of motion for r is
Note that we have defined C ′ through the relation ∂ τ r = C ′ r. Then (3.38) implies p r r = C ′ √ K = −C ′ p t . Then we can rewrite the relation (3.35) in more suggestive form
that coincides with the result given in (2.41) for P y i = 0.
Conclusions
In this paper we have studied the giant magnon solution in the near horizon limit of NS 5-branes. We derive the magnon like dispersion relation in Polyakov action of the string in the conformal gauge. For large J value, we have been able to compute the one magnon dispersion relation in this background. We further have examined the magnon solution in the Hamiltonian formalism in the uniform gauge. The presence of the nontrivial dilaton makes the formalism obscure, but one can show that there in the limit of √ λ → ∞, the term in the action which determines the coupling of dilaton becomes very small, and one can ignore this. By making use of the Hamiltonian formalism we have been able to reduce it to the dynamics of one degree of freedom. We have been able to find out the magnon dispersion relation which matches exactly with the one we find in the Polyakov action. Moreover, we have argued that this dispersion relation takes the same form as the dispersion relation in case of giant magnon in AdS 5 × S 5 when we consider the motion along the boundary of AdS 5 . This follows from the fact that the motion of the fundamental string in the near horizon region of N S5-branes is free and it is a reflection of fact that the configuration of the NS5-brane and fundamental string is a BPS state.
The present analysis can be extended in various directions. First of all it would be very interesting and challenging to find the boundary theory analogue of the present study. It is not clear whether the theory is integrable from the boundary theory. But given the result of the present paper it is interesting to find out operators in the LST that correspond to the giant magnons in the NS5-brane near horizon geometry. Further one can try to study the connection of this particular giant magnon solution to the pp-wave of the NS5-brane background, which is the Nappi-Witten model in the lines of [17] .
